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A NOTE ON EXTENSIONS OF APPROXIMATE
ULTRAMETRICS
MANOR MENDEL
An ultrametric ρ : X ×X → [0,∞) is a metric satisfying a strong form
of the triangle inequality:
ρ(x, z) ≤ max{ρ(x, y), ρ(y, z)}, ∀x, y, z ∈ X.
It D-approximates a metric d : X × X → [0,∞) if there exists a scaling
factor c > 0 such that
d(x, y) ≤ c · ρ(x, y) ≤ D · d(x, y), ∀x, y ∈ X.
Let (X, d) be a metric space, S ⊂ X and suppose that S has an ultrametric
ρ : S × S → [0,∞) that D approximates d on S. It was observed in [1,
Lemma 4.1] that ρ can be extended to an ultrametric ρ¯ : X ×X → [0,∞)
which 6D approximates d on pairs from S × X. In this note we optimize
the (simple) argument from [1], obtaining an extension ρ¯ : X ×X → [0,∞)
that 2D+1 approximates d on pairs from S ×X. This bound is optimal in
the worst case when D ∈ N. While the following proposition is true for an
arbitrary metric space X and an arbitrary subset S ⊂ X, we will assume
for simplicity that X is locally compact and S is closed.
Proposition. Let (X, d) be a locally compact metric space. Given a closed
subset S ⊂ X and an ultrametric ρ : S × S → [0∞) on S satisfying
d(x, y) ≤ ρ(x, y) ≤ D · d(x, y), for every x, y ∈ S,
there exists an ultrametric ρ¯ : X ×X → [0,∞) extending ρ, such that
ρ¯(x, y) = ρ(x, y), ∀x, y ∈ S;(1)
2D
2(D + 1)
· d(x, y) ≤ ρ¯(x, y) ∀x, y ∈ X;(2)
2D
2D + 1
· d(x, y) ≤ ρ¯(x, y) ≤ 2D · d(x, y) ∀x ∈ S, y ∈ X.(3)
In particular, ρ¯ is 2D + 1 approximation of d on pairs from S ×X.
Proof. For y ∈ X, letN(y) ∈ S be its nearest neighbor in S, i.e., d(y,N(y)) =
minx∈S d(x, y) (breaking ties arbitrarily). Define an ultrametric ρ¯ on X as
follows:
ρ¯(x, y) = max{2D · d(x,N(x)), 2D · d(y,N(y)), ρ(N(x), N(y))}.
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Clearly, the restriction of ρ¯ to S is equal ρ. ρ¯ is an ultrameric since,
ρ¯(x, z) = max{2D · d(x,N(x)), 2D · d(z,N(z), ρ(N(x), N(z))}
≤ max
{
2D · d(x,N(x)), 2D · d(z,N(z),
2D · d(y,N(y)), ρ(N(x), N(y)), ρ(N(y), N(z))
}
= max
{
max{2D · d(x,N(x)), 2D · d(y,N(y)), ρ(N(x), N(y))} ,
max{2D · d(z,N(z), 2D · d(y,N(y)), ρ(N(y), N(z))}
}
= max{ρ¯(x, y), ρ¯(y, z)}.
We next show that ρ¯(x, y) ≥ 2D2(D+1) · d(x, y) for every x, y ∈ X.
ρ¯(x, y) = max{2D · d(x,N(x)), 2D · d(y,N(y), ρ(N(x), N(y))}
≥ 2D2(D+1)d(x,N(x)) +
2D
2(D+1)d(y,N(y)) + (1−
2
2(D+1))d(N(x), N(y))
≥ 2D2(D+1) · d(x, y).
Similarly for every x ∈ S and y ∈ X,
ρ¯(x, y) = max{2D · d(x,N(x)), 2D · d(y,N(y), ρ(N(x), N(y))}
≥ 2D2D+1d(y,N(y)) + (1−
1
2D+1)d(N(x), N(y))
≥ 2D2D+1 · d(x, y).
Lastly, assume x ∈ S, and y ∈ X. By definition, d(y,N(y)) ≤ d(y, x), and
so by the triangle inequality, d(x,N(y)) ≤ d(x, y) + d(y,N(y)) ≤ 2d(x, y).
Hence,
ρ¯(x, y) = max{2D · d(y,N(y)), ρ(x,N(y))}
≤ max{2D · d(y,N(y)),D · d(x,N(y))}
≤ max{2D · d(y,N(y)), 2D · d(x, y)} = 2D · d(x, y). 
The 2D + 1 bound on the approximation of pairs from S × X above is
tight for every D ∈ N as the following example shows:
X = {0, 1, . . . , 2D + 1}, S = {1, 3, . . . , 2D + 1}.
Since S is a set of D+1 equally spaced points on the line, it isD approximate
ultrametric. On the other hand, for any ultrametric ρ¯ on X which dominates
the line distances in S ×X we have
max
i∈{0,...,2D}
ρ¯(i, i+ 1) ≥ ρ¯(0, 2D + 1) ≥ 2D + 1.
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